Abstract. We consider a method for computing approximate solutions to systems of two-dimensional Volterra integral equations. The approximate solution is sought in the form of a linear combination of two-variable shifted Legendre functions. The operational matrices technique is used to reduce the problem to a system of linear algebraic equations. Some numerical tests have been carried out and the results show that this method has a good performance, even in the case when the system matrix is singular in the whole considered domain.
INTRODUCTION
In this paper we are concerned about linear systems of two-dimensional Volterra integral equations (2D VIE) with the form
A(t, x)u(t, x)
given in the rectangular domain
where A(t, x) and K(t, x, τ, s) are n × n matrices, f (t, x) is a given vector function and u(t, x) is the unknown. This kind of problems may arise from the analysis of some classes of differential-algebraic systems of partial differential equations [1] and in the modeling of certain heat conduction processes.
Particular attention has been given in the literature to the case when A is a singular matrix. This corresponds for example to the case of sets of coupled 2D-VIE of first and second kind, including algebraic relationships. In the last years some works have been devoted to the analysis of existence and uniqueness of solution for such problems, as well as to their numerical approximation. In [2] sufficient conditions were given for the existence and uniqueness of solution of such singular systems and the convergence of a simple numerical method was proved, which is based on the rectangles rule.
In the present paper we introduce a numerical method based on the expansion of the approximate solution of (1) in terms of the so called 2D shifted Legendre functions, which are described in the next section.
In [3] this method was applied to the solution of 2D VIE of the second kind. It has shown a good performance, both in the case of linear and nonlinear equations. As remarked in the cited paper, the efficiency of the proposed method is connected with the fact that its convergence rate is similar to the convergence rate of the best approximation of a differentiable function by a bivariate Legendre polynomial. The main purpose of this work is to test experimentally the applicability and accuracy of the considered method in the case of linear systems of equations, including singular ones.
DEFINITION AND FUNCTION APPROXIMATION
2D shifted Legendre functions are defined on Ω as here L m and L n are the well-known Legendre functions respectively of order m and n, which are defined on the interval [−1, 1] and can be determined with the aid of a recursive formula [4] . Suppose that f (t, x) is an arbitrary function in L 2 (Ω) then it can be approximated as
where C and Ψ(t, x) are (M + 1)(N + 1) × 1 vectors with the form
can be expanded in terms of 2D shifted Legendre functions as
where K is a block matrix of the form
OPERATIONAL MATRICES
The integration of vector Ψ(t, x) defined by (4) can be approximately obtained as:
,
operational matrix of integration, such that P 1 and P 2 are the operational matrices of the 1D shifted Legendre polynomials [5] , respectively defined on [0, b] and [0, a] and ⊗ denotes the Kronecker product.
The following property of the product of two vectors Ψ(t, x) and Ψ T (t, x) will also be used. Let
where C is defined by (3) andC is (M + 1)(N + 1) × (M + 1)(N + 1) product operational matrix defined bỹ
such that in equation (6) , C (i, j) , i, j = 0, 1,...,M are given by
and A m , m = 0, 1,...,M are (N + 1) × (N + 1) matrices as
where
and can be computed easily, as shown in [6] . Also, for a (M + 1)(N + 1) 
METHOD OF SOLUTION
In this section we describe a numerical method to solve problem (1). We assume that the sufficient conditions for existence of solution, discussed in [2] , are satisfied. Then we rewrite this problem as
where u i (t, x), f i (t, x), a i j (t, x) and k i j (t, x, τ, s) are the entries of the respective matrices and vectors in (1) . Using the formulas (2) and (5) these functions can be expanded in terms of 2D shifted Legendre functions as:
where U i are (M + 1)(N + 1) × 1 unknown vectors. Substituting these approximations into the system (8) and using the operational matrices of integration and product, we get
Introduce the notation
then applying (7) to (9), we conclude that
which is a system of linear equations in terms of elements of vectors U i and can be solved using direct methods.
NUMERICAL EXAMPLES
In order to illustrate the performance of the described method we have applied the method to two problems. Example 1: As the first example we consider a problem that was solved numerically in [2] . We have
where the exact solution is
We solved this problem by the presented method with M = N and the numerical results are reported in Table 1 .Note that the error of the numerical results obtained by the method described in [2] , for the same example, with h = 1/128, in the maximum norm, is 0.23 × 10 −2 . Example 2: Consider the problem (1) in [7] 
Its exact solution is
Numerical results for absolute error with M = N = 7 are shown in Table 2 together with the results obtained in [7] using differential transform method with N = 9. Present method (M = 7) Method of [7] (N = 10)
Present method (M = 7) Method of [7] (N = 10) 
